
Eur. J. Mech. B - Fluids 20 (2001) 841–867

 2001 Éditions scientifiques et médicales Elsevier SAS. All rights reserved
S0997-7546(01)01150-5/FLA

On the numerical solution to two fluid models via a cell centered finite volume method

Jean-Michel Ghidagliaa,∗, Anela Kumbarob, Gérard Le Coqc

aCentre de Mathématiques et de Leurs Applications, ENS Cachan and CNRS UMR 8536, 94235 Cachan cedex, France
bCommissariat à l’Energie Atomique/DRN, CEN Saclay, 91191 Gif sur Yvette cedex, France

cElectricité de France, R&D, RNE, 6 Quai Watier, 78401 Chatou cedex, France

(Received 25 October 2000; revised 12 June 2001; accepted 13 June 2001)

Abstract – A new method for the discretization of nonlinear systems of partial differential equations occurring in the numerical simulation of two phase
flows is proposed. This method is based on a cell centered finite volume discretization on possibly unstructured meshes and aims to approximate three-
dimensional stationary and evolution problems in arbitrary geometries. We are able to consider conservative and non-conservative systems of equations
and the method belongs to the class of shock-capturing upwind ones. In the paper we put the emphasis on the treatment of terms involving first-order
derivatives since we deal with the change of type (hyperbolic to non-hyperbolic). One of the features of the method is that it does not rely a priori
on the hyperbolic character of the convection operator. The method is illustrated on a classical numerical benchmark and we refer to the bibliography
concerning various and numerous applications in the context of two phase flows. 2001 Éditions scientifiques et médicales Elsevier SAS

1. Introduction

One phase fluid mechanics remains an open problem due to the classical problem of turbulence. However,
there is agreement on the fact that Navier–Stokes equations govern local and instantaneous variables such as
velocity, pressure and temperature.

In the two phase flow problem, such a consensus does not exist yet. The derivation of the ‘right’ model is
far from being achieved, besides the fact that rigorous and systematic studies have been undertaken (Boure and
Delhaye [1]; Drew and Lahey [2]; Drew and Wallis [3]; Ishii [4]; Ransom [5]), the degree of complexity of
these models makes the solution practically not reachable by numerical computations. The essential difficulty
is to describe the turbulent interfacial geometry between the two phases and take into account steep gradients
of the variables across the interfaces in order to determine the mass, momentum and energy transfers.

This leads one to consider what is known as averaged equations. This averaging is done in space and time,
and leads to the appearance of a new variable, the ‘void fraction’, which characterizes the volume occupied
by one of the two phases per unit volume of the mixture. The transfers are considered like those between the
non-equilibrium states and the equilibrium state.

Many computer tools have been developed to solve the two phase flow problem in a great number of
industrial applications. The models which are used in these calculations are based on total conservation
of mass, momentum and energy and some of them take into account thermal or/and mechanical non-
equilibrium transfers by simple correlation. However, the reliability of the numerical simulations is found on
the qualification of models from numerous experimental tests. This looks like a ‘black box’ approach where
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little information of knowledge is contained in the model but many correlations are built on experimental tests.
And if the predictions given by this model are correct into the domain of application defined by the experimental
tests conditions, extrapolations are not recommended.

The finding of a unique model for multiphase flow remains a problem of fundamental research. However
practical three-dimensional models exist in order to simulate the evolution of parameters which characterize a
multiphase flow. These models can be classified into various groups depending on the deviation of temperature
and/or velocity of each phase with regards to the equilibrium state. This equilibrium state is defined as a state
where the temperature and the velocity of each phase are equal (for given specific volume, momentum and total
energy).

At least if a model is supposed to be suitable to simulate a two phase flow, the same numerical method used
in one phase flow should be fitted to obtain the solution. Up to now, no numerical method is convenient because
some do not respect the balance, others damp down strong gradients and seldom do these numerical methods
follow good consistency and have convergence properties.

The numerical techniques can be classified into 3 categories: finite differences, finite elements and finite
volumes. If all of these techniques have been used to calculate the solution of two phase flow, the finite volumes
method seems to be the most appropriate. Indeed this technique has good properties of conservation of mass,
momentum and energy balance and altogether this approach looks like the physicist’s approach to observe the
natural phenomena.

Some serious difficulties arise in using finite volumes and up to now only the efficient staggered mesh
method has been used. However, the staggered meshes techniques are tedious to code and lead to somewhat
cumbersome data structures on non-structured meshes.

To summarize, the ideal numerical method should be simple in order to apply to any model, from equilibrium
model to non-equilibrium model, conservative in order to respect the fundamental conservation physical laws,
flexible in order to be applied on any mesh type such as structured, non-structured and non-conform types and
of course at least cost of computational time.

In the past ten years, there have been a large number of ‘modern’ numerical methods that have been
developed for two phase flow computations. Roughly speaking, one of the main goals was to try to transfer
the shock-capturing upwind schemes (Roe [6]; van Leer [7]; Osher and Solomon [8]) from one phase CFD to
two phase CFD. Most of these methods were based on Godunov type methods such as exact or approximate
Riemann solvers ([9–19]) or flux splitting techniques ([20,21]). Since these works originated from methods
devised in the context of the Euler equation of gas dynamics, the hyperbolicity of the convection operator was
considered as a necessary condition. But, as it is well known (and we shall discuss that in details in this paper),
the models occurring in two phase CFD are not necessarily hyperbolic. As a consequence of that most of the
methods derived in the previous articles require hyperbolic equations. So, in the case where the models were
not hyperbolic, corrections terms were added in order to make them so (at least in the numerical range where
the computations were performed).

We would like to point out two facts.

(i) Firstly, if we want to be able to determine whether hyperbolicity is necessary in order to achieve stable
and convergent numerical computations, we need to use a method that allows us to consider both
hyperbolic and non-hyperbolic convection operators.

(ii) Secondly, in actual computations, the physical model contains also viscous and diffusive terms (Navier–
Stokes like models) and even turbulent diffusion contributions. It has been shown that molecular
diffusion and thermal diffusivity are indeed sufficient in order to make the evolution problem well
posed, either in the linearized sense (Arai [22], Ramos [23]) or in the nonlinear sense for small data
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(Ramos [23]). In fact including these terms leads to a mixed hyperbolic–parabolic equation (recall that
there is no diffusion on the mass balance equation).

Our goal in this paper is to propose a shock-capturing method that does not a priori rely on hyperbolicity
properties of the convection operator. We also impose that the method should be applicable on unstructured
finite volume meshes in 3 spatial dimensions and not limited by CFL constraints (implicit schemes). This
method was first presented in a short note in 1995, [24]. Since it has been validated and extended, in the
framework of a collaboration between the Département Transferts Thermiques et Aérodynamique (Electricité
de France) and the Centre de Mathématiques et de Leurs Applications, on numerous test cases. We refer to the
report [25] concerning both numerical results and references including numerical results.

In the present paper, we are going to focus on the application of our method to two fluid models, but it
has a broader applicability. For instance the method applies naturally to the classical Euler equations for gas
dynamics (in this case the scheme is very close to Roe’s scheme, see Remark 3). The method also applies to
the so called Homogeneous Equilibrium Model which is also of use in the context of two phase flow. In de
Vuyst et al. [26], it is shown that the method is able to capture a condensation shock in which a phase transition
occurs from a diphasic mixture to a single phase (liquid). In this transition, the fluid is compressible upstream
and almost incompressible downstream and the ratio of the density before and after the shock is of the order of
15. Although this problem was known for a while, its numerical solution was not found up to now in the setting
of the simple and natural framework of the Homogeneous Equilibrium Model.

Let us consider a two fluid model which reads as follows (see, e.g., Stewart and Wendroff [27] and Ishii [4]):

∂(α1ρ1)

∂t
+ div(α1ρ1u1) = 0, (1)

∂(α2ρ2)

∂t
+ div(α2ρ2u2) = 0, (2)

∂(α1ρ1u1)

∂t
+ div

(
α1(ρ1u1 ⊗ u1 + pI)

)− p∇α1 = α1ρ1g, (3)

∂(α2ρ2u2)

∂t
+ div

(
α2(ρ2u2 ⊗ u2 + pI)

)− p∇α2 = α2ρ2g, (4)

∂(α1ρ1E1)

∂t
+ div(α1ρ1H1u1)+ p

∂α1

∂t
= α1ρ1g · u1, (5)

∂(α2ρ2E2)

∂t
+ div(α2ρ2H2u2)+ p

∂α2

∂t
= α2ρ2g · u2. (6)

This model is simplified in the sense that we have omitted in its right-hand side

− most of the terms which are related with transfers between the two fluids 1 and 2,
− the terms which are related with dissipative phenomena,

and we refer to section 5 concerning these purposes. The terms that have been omitted might be important in
most of two-phase flows. These terms involve lower-order and higher-order terms who are inconsequential on
the type of the equation (hyperbolic or non-hyerbolic). Equations (1) to (6) will be named as the basic model.

Let us now describe the physical meaning of each variable:αi is the volume fraction of the fluidi, ρi is the
density of the fluidi, ui denotes the velocity of the phasei andp is the thermodynamic pressure. Denoting by
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ei the specific internal energy of the phasei, we have setEi = ei + 1
2|u|2: the total specific energy of the fluidi

andHi = Ei + p/ρi the total specific enthalpy of the fluidi (we shall also use the notationhi ≡ ei + p/ρi for
the specific enthalpy of the fluidi). Gravity is denoted byg.

We have the relationα1 + α2 = 1 and in order to close the system (1) to (6), we have to write two equations
of state:

Fi(p,ρi, ei) = 0, i = 1,2. (7)

An isentropic version of this system of equation can be obtained as follows. Introducing the specific entropy of
the fluidi, si , defined by:

Ti dsi = dei − p

ρ2
i

dρi, (8)

and assuming that there is no production of entropy into the shocks, equations (5) and (6) lead to:

∂(α1ρ1s1)

∂t
+ div(α1ρ1s1u1) = 0, (9)

∂(α2ρ2s2)

∂t
+ div(α2ρ2s2u2) = 0. (10)

In view of (1) and (2), we can have solutions with constant entropies: i.e.s1 ands2 are constant. The reduced
system which is then obtained is (1), (2), (3) and (4) and the equations of states (7) are replaced by isentropic
ones:

Gi(p,ρi) = 0, i = 1,2. (11)

Remark1: (i) The model (1)–(6) is a ‘one pressure’ model. That is, the two fluids share the same pressure.
There are also models with two pressuresp1 andp2 (see Stewart and Wendroff [27], Ransom and Hicks [28]).
In such a case, an extra equation (differential or algebraic) must be added. In most cases this new equation is
related to a relaxation process which tends to equalize the two pressures.

(ii) Usually, equations (3) and (4) are written as follows:

∂(α1ρ1u1)

∂t
+ div(α1ρ1u1 ⊗ u1)+ α1∇p = α1ρ1g, (12)

∂(α2ρ2u2)

∂t
+ div(α2ρ2u2 ⊗ u2)+ α2∇p = α2ρ2g. (13)

These two forms are not equivalent when one considers non smooth solutions. In this last form, the physical
flux of momentum does not involve the pressure and we believe that the first one is more relevant from the
physical point of view, see the discussion in section 3.1.1. Actually, see e.g. Ishii [4], (3) and (4) correspond
to local instantaneous formulation (the nonconservative terms appear after averaging and are due to transfer
between phases). Moreover this form has the property that the fluxes which are involved produce the single
phase fluxes in the case whereαi equals 0 or 1.

1.1. Hyperbolicity of the 6 equation model

Let us consider the one-dimensional case. The model (1)–(6) can be written under a quasilinear form:

vt +A(v)vx = S(v), (14)



J.-M. Ghidaglia et al. / Eur. J. Mech. B - Fluids 20 (2001) 841–867 845

wherev andS(v) are the following vectors:

v = (α1ρ1, α2ρ2, α1ρ1u1, α2ρ2u2, α1ρ1E1, α2ρ2E2), (15)

S(v) = (0,0, α1ρ1g,α2ρ2g,α1ρ1g · u1, α2ρ2g · u2), (16)

andA(v) is a 6×6 matrix. As it is classical, we shall nameA(v)vx as the convection operator. The system (14)
(or the convection operator) is said to be hyperbolic (by definition) if the matrixA(v) can be diagonalized on
R. In general it is not the case, see sections 3.2.2 and 3.2.4.

1.2. Content

The paper is organized as follows. The next section is devoted to a detailed presentation of our method. In
section 3 we show how this numerical scheme applies to the basic two fluid model. Then, section 4 is devoted
to a numerical illustration. Finally, section 5 indicates some further developments. We have also included an
Appendix dealing with some technical matters.

2. Discretization in the finite volume framework

In this section we present first our method for the discretization of systems like (1)–(6) in the one-dimensional
case. The extension to the multidimensional case is discussed in section 2.3. We begin with the explicit scheme
and then give the implicit scheme in section 2.2.

2.1. The one-dimensional case

Let us consider general systems that can be written as follows:

vt + f (v)x + C̃(v)vx +D(v)vt = S̃(v), (17)

herev = (v1, . . . , vm) ∈ R
m, f mapsR

m into itself,C(v) andD(v) arem × m matrices andS mapsR
m into

itself.

Example1: The system (1) to (6) enters in this category wherev (resp.S̃(v)) is defined in (15) (resp. (16))
andf (v), C̃(v)vx andD(v)vt are as follows:

f (v)= (
α1ρ1u1, α2ρ2u2, α1

(
ρ1u

2
1 + p

)
, α2
(
ρ2u

2
2 + p

)
, α1ρ1H1u1, α2ρ2H2u2

)
, (18)

C̃(v)vx = (
0,0,−p(α1)x,−p(α2)x,0,0

)
, (19)

D(v)vt = (
0,0,0,0,p(α1)t , p(α2)t

)
. (20)

2.1.1. The conservative case

Let us first consider equation (17) whenC̃(v)≡ 0,D(v)≡ 0 andS̃(v) ≡ 0 (e.g. the Euler equation for perfect
fluids enters in this category). That is we address

∂v

∂t
+ ∂f (v)

∂x
= 0, (21)
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wherev ∈ R
m andf :Rm 
→ R

m. We denote byA(v) the Jacobian matrix∂f (v)/∂v and we deal first with the
case where (21) is smoothly hyperbolic that is to say: for everyv there exists a smooth basis(r1(v), . . . , rm(v))

of R
m consisting of eigenvectors ofA(v): ∃λk(v) ∈ R such thatA(v)rk(v) = λk(v)rk(v). It is then possible to

construct(l1(v), . . . , lm(v)) such thattA(v)lk(v) = λk(v)lk(v) andlk(v) · rp(v) = δk,p.

Let R = ⋃
j∈Z[xj−1/2, xj+1/2] be a one-dimensional mesh. Our goal is to discretize (21) by a finite volume

method. We set$xj ≡ xj+1/2 − xj−1/2, $tn ≡ tn+1 − tn (we also haveR+ =⋃
n∈N[tn, tn+1]) and

ṽn
j ≡ 1

$xj

∫ xj+1/2

xj−1/2

v(x, tn)dx, f̃ n
j+1/2 ≡ 1

$tn

∫ tn

tn+1

f
(
v(xj+1/2, t)

)
dt.

With these notations, we deduce from (21) theexactrelation:

ṽn+1
j = ṽn

j − $tn

$xj

(
f̃ n
j+1/2 − f̃ n

j−1/2

)
. (22)

Since the(f̃ n
j+1/2)j∈Z cannot be expressed in terms of the(ṽn

j )j∈Z one has to make an approximation. In

order to keep a compact stencil, it is more efficient to use a three points scheme: the physical fluxf̃ n
j+1/2 is

approximated by a numerical fluxgn
j (v

n
j , v

n
j+1). Let us show how we construct this flux here. We observe that

sinceA(v)∂v
∂t

= ∂f (v)

∂t
then according to (21),

∂f (v)

∂t
+A(v)

∂f (v)

∂x
= 0. (23)

This shows that the fluxf (v) is advected byA(v) (like v since we also have∂v
∂t

+A(v) ∂v
∂x

= 0). The numerical
flux gn

j (v
n
j , v

n
j+1) represents the flux at an interface. Using a mean valueµn

j+1/2 of v at this interface, we replace
(23) by the linearization:

∂f (v)

∂t
+A

(
µn

j+1/2

)∂f (v)
∂x

= 0. (24)

It follows that, defining thek-th characteristic flux component to befk(v) ≡ lk(µ
n
j+1/2) · f (v), we have

∂fk(v)

∂t
+ λk

(
µn

j+1/2

)∂fk(v)

∂x
= 0. (25)

This linear equation can be solved explicitly now and we have:

fk(v)(x, t) = fk(v)
(
x − λk

(
µn

j+1/2

)
(t − tn), tn

)
. (26)

From this equation it is then natural to introduce the following definition.

DEFINITION 1: For the conservative system(21), at the interface between the two cells[xj−1/2, xj+1/2]
and [xj+1/2, xj+3/2], the characteristic fluxgCF is defined by the following formula(we takeµn

j+1/2 ≡
($xjv

n
j +$xj+1v

n
j+1)/($xj +$xj+1)): for k ∈ {1, . . . ,m},

lk
(
µn

j+1/2

) · gCF,n
j

(
vn
j , v

n
j+1

)= lk
(
µn

j+1/2

) · f (vn
j

)
, whenλk

(
µn

j+1/2

)
> 0,

lk
(
µn

j+1/2

) · gCF,n
j

(
vn
j , v

n
j+1

)= lk
(
µn

j+1/2

) · f (vn
j+1

)
, whenλk

(
µn

j+1/2

)
< 0,

lk
(
µn

j+1/2

) · gCF,n
j

(
vn
j , v

n
j+1

)= lk
(
µn

j+1/2

) ·
(
f (vn

j+1)+ f (vn
j )

2

)
,

(27)
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whenλk(µ
n
j+1/2) = 0.

Remark2: At first glance, the derivation of (23) from (21), is only valid for continuous solutions since
A(v)∂f (v)

∂x
is a non-conservative product. In fact equation (23) can be justified even in the case of shocks as

is proved in Ghidaglia [29]. Let us briefly recall here the key point. Assuming that the solution undergoes a
discontinuity along a family of disjoint curves, we can focus on one of these curves that we parameterize by
the time variablet . Hence, locally, on each side of this curve,v(x, t) is smooth and jumps across the curve
x = )(t). The Rankine–Hugoniot condition implies thatf (v(x, t)) − σ (t)v(x, t), whereσ (t) ≡ d)(t)/dt , is
smooth across the discontinuity curve and thereforeA(v)

∂f (v)

∂x
can be defined asA(v)

∂f (v)

∂x
≡ A(v)

∂(f (v)−σv)

∂x
+

σ ∂f (v)

∂x
.

PROPOSITION 1: Formula(27) can be written as follows: gCF,n
j (vn

j , v
n
j+1) = gCF (µn

j ;vn
j , v

n
j+1) where

gCF (µ;v,w)≡ ∑
λk(µ)<0

(
lk(µ) · f (w)

)
rk(µ)+ ∑

λk(µ)=0

(
lk(µ) · f (v)+ f (w)

2

)
rk(µ)

+ ∑
λk(µ)>0

(
lk(µ) · f (v)

)
rk(µ). (28)

Proof. –This comes from the useful identity valid for all vectors, andµ in R
m: , =∑k=m

k=1 (lk(µ) ·,)rk(µ).
We also observe that (28) can be written under the following condensed form:

gCF (µ;v,w) = f (v)+ f (w)

2
−U(µ;v,w)

f (w)− f (v)

2
, (29)

whereU(µ;v,w) is the sign of the matrixA(µ) which is defined by

sgn(A(µ)), =
k=m∑
k=1

sgn(λk)(lk(µ) ·,)rk(µ).

The form (29) refers to what we have called a numerical flux leading to a flux scheme ([29]).✷
Remark3: Let us discuss the relation,in the conservative case, between the characteristic numerical flux

gCF and the numerical flux leading to Roe’s scheme ([6]). This later scheme relies on an algebraic property of
the continuous fluxf (v) which is as follows. It is assumed that for all admissible statesv andw, there exists a
m × m matrixAROE(v,w) such thatf (v)− f (w) = AROE(v,w)(v − w) (Roe’s identity). Then the numerical
flux leading to Roe’s scheme is given by:

gROE(v,w)= f (v)+ f (w)

2
− ∣∣AROE(v,w)

∣∣w − v

2
. (30)

However, using Roe’s identity, we obtain that

gROE(v,w)= f (v)+ f (w)

2
− sgn

(
AROE(v,w)

)f (w)− f (v)

2
, (31)

which is of the form (29): Roe’s scheme is also a flux scheme. The characteristic flux proposed in this paper is
more versatile than Roe’s scheme in the sense that it does not rely on an algebraic property of the flux. Hence for
complex systems (like those encountered in the context of two phase flows) this scheme appears like an efficient
generalization of Roe’s scheme. Moreover, as we shall see below, this scheme has a natural generalization to
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arbitrary non-conservative systems. Finally, the fact that the numerical flux is a linear combination of the two
fluxes induces a quite weak dependance on the stateµ which appears in formula (28), see Cortes and Ghidaglia
[30].

Combining (22) and (27), we arrive to the explicit scheme:

vn+1
j = vn

j − $tn

$xj

(
g
CF,n
j

(
vn
j , v

n
j+1

)− g
CF,n
j

(
vn
j−1, v

n
j

))
. (32)

Let us now discuss the case whereA(v) has complex eigenvalues. In such a case, they occur by pairs:
λk(v)+ iχk(v) andλk+1(v)+ iχk+1(v) = λk(v)− iχk(v). Then (25) is replaced by the system:

∂fk(v)

∂t
+ λk

(
µn

j+1/2

)∂fk(v)

∂x
+ χk

(
µn

j+1/2

)∂fk+1(v)

∂x
= 0, (33)

∂fk+1(v)

∂t
+ λk

(
µn

j+1/2

)∂fk+1(v)

∂x
− χk

(
µn

j+1/2

)∂fk(v)

∂x
= 0. (34)

Here againλk(µ
n
j+1/2) plays the role of an advection velocity. For that reason we keep formulas (27) to (29)

unchanged, and this produces real numerical fluxes. Finally, we discuss the case where the matrixA(v) is not
diagonalizable, i.e. when there is at least one Jordan block in its reduced form. In such a case, each block is
associated with a single eigenvalue and we extend the definitions above by making use of the sign of the real
part of this eigenvalue.

2.1.2. The non-conservative case

Let us now consider the full equation (17). First we invert the matrixI+D(v). If this matrix is not invertible,
then (17) is not an evolution equation and therefore the system must be transformed and the evolutionary
variablev must be changed (this occurs for example in incompressible fluid flows where the pressure is not an
evolutionary variable). Now invertingI +D(v) and setting:

C(v) ≡ (
I +D(v)

)−1(
C̃(v)+ J (v)

)− J (v), (35)

whereJ (v) denotes the Jacobian matrix∂f (v)/∂v, and

S(v) ≡ (
I +D(v)

)−1
S̃(v), (36)

we arrive at

vt + f (v)x +C(v)vx = S(v). (37)

Remark4: One of the features of non-conservative models like (37) is the intrinsic non-uniqueness in the
writing of the convective terms. Indeed, we can modify the termf (v)x +C(v)vx by adding tof (v) any function
g(v, t) provided we subtract from the matrixC(v) the matrix∂g(v, t)/∂v:

(
f (v)+ g(v, t)

)
x
+
(
C(v)− ∂g(v, t)

∂v

)
vx = f (v)x +C(v)vx. (38)

At the continuous level and for smooth solutions, this makes no difference, in contrast with the discrete case
where each form will lead to a different solution. In the case where the underlying exact solution is not smooth
(presence of shocks), by changing the writing of the convective terms, one can obtain at convergence different
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solutions. It is a well known fact for non-conservative equations. From our point of view this simply means that
the splitting of the convective terms (between conservative and non-conservative) must rely on supplementary
information (like, e.g., physical ones).

Let us return to the discretization of (37). We have to discretize 3 terms: (i)f (v)x , (ii) C(v)vx and (iii) S(v).
Concerning the last term we simply take (we refer to [31] concerning a full discussion on the discretization of
this term):

1

$xj

∫ xj+1/2

xj−1/2

S(v) ≈ S
(
vn
j

)
. (39)

Concerning the first term, we observe that the analogue of (23) is now:

∂f (v)

∂t
+ Ã(v)

∂f (v)

∂x
= J (v)S(v), (40)

where:

Ã(v) ≡ J (v)+C(v)J (v)−1 (we recall thatJ (v) ≡ ∂f (v)

∂v
). (41)

Remark5: In the case whereC(v) = 0, the conservative case, we haveA(v) = J (v) and, as already
observed,v is advected byJ (v). Here,v is advected byA(v) ≡ J (v) + C(v) but f (v) is advected byÃ(v).
These two advection matrices are conjugate sinceÃ(v) = J (v)A(v)J (v)−1.

The discussion that followed (23) leads us then to replace (29) with the following definition.

DEFINITION 2: For the non-conservative system(37), the characteristic fluxgCF is defined by the following
formula:

gCF (µ;v,w) = f (v)+ f (w)

2
−U(µ;v,w)

f (w)− f (v)

2
, (42)

whereU(µ;v,w) is the sign of the matrix̃A(µ).

It remains to discuss the discretization of the second term, namelyC(v)vx . We writeC(v)vx = E(v)f (v)x
with E(v) ≡C(v)J (v)−1 and make the following approximation:

1

$xj$tn

∫ xj+1/2

xj−1/2

∫ tn

tn+1

C(v)vx dx dt = 1

$xj$tn

∫ xj+1/2

xj−1/2

∫ tn

tn+1

E(v)f (v)x dx dt

≈E
(
vn
j

) 1

$xj$tn

∫ xj+1/2

xj−1/2

∫ tn

tn+1

f (v)x dx dt

=E
(
vn
j

) 1

$tn

∫ tn

tn+1

(
f
(
v(xj+1/2, t)

)− f
(
v(xj−1/2, t)

))
dt. (43)

Hence combining (39), (42) and (43), we arrive at the following explicit scheme for the discretization of (37):

vn+1
j = vn

j − $tn

$xj

(
I +E

(
vn
j

))(
g
CF,n
j

(
vn
j , v

n
j+1

)− g
CF,n
j

(
vn
j−1, v

n
j

))+ S
(
vn
j

)
. (44)

Remark6: In Remark 3, we discussed the relation, in the conservative case, between our characteristic flux
and Roe’s numerical flux. Toumi and Kumbaro [10], and Toumi [12] have generalized Roe’s scheme to the
context of non-conservative systems occurring in two phase flows. Again Roe’s scheme requires some algebraic
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properties, while ours does not. We refer to the paper of Ghidaglia, le Coq and Toumi [32] concerning the
comparison of these two schemes.

2.2. The time-implicit discretization

The previous scheme is based on the solution to the characteristic equation (25) given by (26). The value
taken for the flux at the interfacex = xj+1/2 is determined by the intersection of the characteristic line
(x − xj+1/2) − λk(µ

n
j+1/2)(t − tn+1) = 0 with the line t = tn. When the Courant–Friedrichs–Lewy (C.F.L.)

number:

κj+1/2 = Max{κj+1/2,k,1� k � m}, (45)

where we set,

κj+1/2,k ≡ 0 for λk

(
µn

j+1/2

)= 0,

κj+1/2,k ≡ −λk

(
µn

j+1/2

)
$xj+1/(2$tn) for λk

(
µn

j+1/2

)
� 0,

κj+1/2,k ≡ λk

(
µn

j+1/2

)
$xj/(2$tn) for λk

(
µn

j+1/2

)
� 0,

(46)

is larger than 1, as it is well known and understood, this strategy leads to a numerically unstable method. In
such a case we develop another strategy which consists in determining the flux at the interfacex = xj+1/2 by
making use of the intersection of the characteristic line(x − xj+1/2) − λk(µ

n
j+1/2)(t − tn+1) = 0 with the line

x = xj when the characteristic C.F.L. numberκj+1/2,k is larger than 1/2. This produce the following formula
([33]).

DEFINITION 3: The numerical flux of the “implicit–explicit Characteristic flux” scheme is given by

gCF
j

(
vn
j , v

n
j+1, v

n+1
j , vn+1

j+1

)= U1f
(
vn
j

)+U2f
(
vn
j+1

)+U3f
(
vn+1
j

)+U4f
(
vn+1
j+1

)
, (47)

where them×m matricesUα, α ∈ {1,2,3,4} are defined as follows:

Uαξ =
m∑

k=1

ωα
k

(
l̃k
(
µn

j+1/2

) · ξ)r̃k(µn
j+1/2

)
, (48)

with µn
j+1/2 given in Definition1, l̃k and r̃k are the left and right eigenvectors of̃A and theωα

k are defined
according to the following conditions.

(i) When0< λk(µ
n
j+1/2) � $xj/(2$tn), ω1

k = 1,ωα
k = 0 for α ∈ {2,3,4}.

(ii) When−$xj+1/(2$tn) � λk(µ
n
j+1/2) < 0, ω2

k = 1,ωα
k = 0 for α ∈ {1,3,4}.

(iii) Whenλk(µ
n
j+1/2) = 0, ω1

k = ω2
k = 1/2,ωα

k = 0 for α ∈ {3,4}.
(iv) Whenλk(µ

n
j+1/2) > $xj/(2$tn), ω1

k = $xj
2$tnλk(µ

n
j+1/2)

,ω3
k = 1−ω1

k,ω
α
k = 0 for α ∈ {2,4}.

(v) Whenλk(µ
n
j+1/2) < −$xj+1/(2$tn), ω2

k = $xj+1
2$tn|λk(µn

j+1/2)| ,ω
4
k = 1− ω2

k,ω
α
k = 0 for α ∈ {1,3}.

Now the implicit–explicit scheme for the discretization of (37) is:

vn+1
j = vn

j − $tn

$xj

(
I +E

(
vn
j

))(
gCF
j

(
vn
j , v

n
j+1, v

n+1
j , vn+1

j+1

)− gCF
j

(
vn
j−1, v

n
j , v

n+1
j−1, v

n+1
j

))+ S
(
vn+1
j

)
. (49)

Concerning the two schemes (44) and (49), we have the following stability result (we refer to [34] for the
proof).



J.-M. Ghidaglia et al. / Eur. J. Mech. B - Fluids 20 (2001) 841–867 851

THEOREM 1: Let a constant statev be given. We linearise equation(17), with S ≡ 0, around this state
which produces the linear equation:

wt + Jwx + C̃wx +Dwt = 0, (50)

and assume that the matrix(I +D)−1(J + C̃) is diagonalizable onR (hyperbolicity).

− The implicit–explicit characteristic flux scheme(49), when applied to(50), is unconditionally stable.
− Under the Courant–Friedrichs–Lewy condition|3| $tn

$xj
� 1, where 3 denotes the eigenvalue of

(I + D)−1(J + C̃) with largest modulus, the explicit characteristic flux scheme(44), when applied to
(50), is stable.

2.3. Extension to the multidimensional case

Let us consider a system ofm balance equations:(v = (v1, . . . , vm) ∈ R
m))

∂v

∂t
+ ∇ · F(v)+

nd∑
j=1

C̃j (v)
∂v

∂xj
+D(v)

∂v

∂t
= S̃(v), (51)

here∇ ·F(v) =∑nd
j=1

∂F j (v)
∂xj

, whereFj mapsG into R
m, whereG is an open subset ofR

m corresponding to the
physically admissible states. This equation is posed in and-dimensional domain5 (nd = 1,2 or 3 in practice).
Here again we invert the matrixI +D(v) and obtain the following equation:

∂v

∂t
+ ∇ · F(v)+

nd∑
j=1

Cj(v)
∂v

∂xj
= S(v). (52)

We assume that the computational domain5 is decomposed in smaller volumes (the so-called control
volumes)K : 5 = ⋃

K∈T K and consider first the case where5 = ⋃
K∈T K is ‘conformal’, i.e. that it is a

finite element triangulation of5. In practice one can use triangles fornd = 2 and tetrahedrons fornd = 3. The
cell-centered finite volume approach for solving (52) consists in approximating the means

vK(t) ≡ 1

vol(K)

∫
K

v(x, t)dx, (53)

where vol(K) denotes thend-dimensional volume ofK and area(A) stands for the (nd − 1)-dimensional
volume of an hypersurfaceA. Integrating (52) onK makes the normal fluxes,Fν

∂K , appear

Fν
∂K(t) =

∫
∂K

F
(
v(σ, t)

) · ν(σ )dσ, (54)

where∂K is the boundary ofK , ν(σ ) the unit external normal on∂K and dσ denotes the(nd − 1)-volume
element on this hypersurface.

The heart of the matter in finite volume methods consists in providing a formula for the normal fluxes
Fν
∂K in terms of the{vL}L∈T . Assuming that the control volumesK are polyhedra, as is most often the case,

the boundary∂K is the union of hypersurfacesK ∩ L whereL belongs to the setN (K), the set ofL ∈ T ,
L �= K , such thatK ∩L has positive (nd − 1)-measure. We can therefore decompose the normal flux as a sum:
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Fν
∂K =∑

L∈N (K) FK,L, where (νK,L points intoL): FK,L = ∫
K∩L F(v(σ, t)) · νK,L dσ. Inspired by the 1D-case,

we take an approximation ofFK,L in terms ofvK andvL: FK,L ≈ area(K ∩ L),(vK, vL;K,L), where, is
the numerical flux that we construct by the following formula.

DEFINITION 4: The numerical flux of the Finite Volume method with characteristic flux is obtained by the
formula

,(v,w;K,L)= F(v)+ F(w)

2
· νK,L −U(v,w;K,L)

F(w)−F(v)

2
· νK,L, (55)

when we take:
U(v,w;K,L)= sgn

(
ÃνK,L

(
µ(v,w;K,L)

))
, (56)

whereµ(v,w;K,L) is a mean betweenvK andvL which only depends on the geometryof K andL:

µ(v,w;K,L)= vol(K)v + vol(L)w

vol(K)+ vol(L)
, (57)

and

Ãν(v)≡ Jν(v)
(
I +Cν(v)Jν(v)

−1), (58)

whereJν(v) = ∂F (v)·ν
∂v

andCν(v) = C(v) · ν ≡∑nd
j=1 νjCj (v).

Now that we have a formula for computing the numerical flux at an interfaceK ∩ L, we have to discuss the
discretization of the non-conservative products. Integrating equation (52) on a volume controlK , leads to the
question of the approximation of the integral

∫
K

∑nd
j=1Cj(v)

∂v
∂xj

dx. Following [35] (see also [36]), we take:

∫
K

nd∑
j=1

Cj(v)
∂v

∂xj
dx ≈ area(K ∩ L)EK,L

(
,(vK, vL;K,L)− F(vK) · νK,L

)
, (59)

whereEK,L is the followingm×m matrix:

EK,L ≡Cν(vK)Ãν(µ)
−1, ν = νK,L andµ = µK,L. (60)

This allows us to generalize the explicit scheme (44) to the multidimensional case as follows.

DEFINITION 5: The explicit multidimensional characteristic flux for the approximation of equation(52)
becomes:

vn+1
K = vn

K − $tn

vol(K)

∑
L∈N (K)

area(K ∩ L)
(
I +En

K,L

)(
,
(
vn
K, v

n
L;K,L

)− F
(
vn
K

) · νK,L

)+ S
(
vn
j

)
. (61)

The implicit scheme (49) is generalized to the multidimensional case along the same lines and we refer to
Boucker and Ghidaglia [35] for that purpose.

2.4. On the discretization of boundary conditions

So far we have not discussed the implementation of boundary conditions. This is a very important topic
since they actually determine the solution. Let us consider the space discretization of the system (52) by our
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cell centered finite volume method. For instance for the time explicit discretization we have the scheme (61).
Of course this formula is not valid whenK meets the boundary of5. When this occurs, we have to find
the numerical flux,(vn

K,K, ∂5). In practice, this flux is not given by the physical boundary conditions and
moreover, in general, (52) is an ill-posed problem if we try to impose eitherv or F(v) · ν on ∂5. This can be
understood in a simple way by using the following linearization of this system:

∂v

∂t
+Aν

∂v

∂ν
= 0, (62)

whereν represents the direction of the external normal onK ∩ ∂5, Aν is the advection matrix:

Aν ≡ ∂F (v) · ν
∂v

∣∣∣∣
v=v

+Cν(v), (63)

and v is the state around which the linearization is performed. When (52) is hyperbolic, the matrixAν is
diagonalizable onR and by a change of coordinates, this system becomes an uncoupled set ofm advection
equations:

∂ξk

∂t
+ ck

∂ξk

∂ν
, k = 1, . . . ,m. (64)

Here theck are the eigenvalues ofAν and according to the sign of these numbers, waves are going either into
the domain5 (ck < 0) or out of the domain5 (ck > 0). Hence we expect that it is only possible to imposep

conditions onK ∩ ∂5 wherep ≡ :{k ∈ {1, . . . ,m} such thatck < 0}.
Let us consider now a control volumeK which meets the boundary∂5. We takev = vn

K and write the
previous linearization. We denote byx the coordinate along the outer normal so that (62) reads:

∂v

∂t
+Aν

∂v

∂x
= 0, (65)

which happens to be the linearization of the 1D (i.e. whennd = 1) system. First we label the eigenvaluesck(v)

of Aν by increasing order:

c1(v) � c2(v)� · · · � cp(v) < 0� cp+1(v) · · · � cm(v). (66)

(i) The casep = 0. In this case information comes from inside5 and therefore we take:

,
(
vn
K,K, ∂5

)= F
(
vn
K

) · νK. (67)

In the Computational Fluid Dynamics literature this is known as the ‘supersonic outflow’ case.
(ii) The casep = m. In this case information come from outside5 and therefore we take:

,
(
vn
K,K, ∂5

)= ,given, (68)

where,given are the given physical boundary conditions. In the Computational Fluid Dynamics litera-
ture this is known as the ‘supersonic inflow’ case.

(iii) The case 1� p � m − 1. As already discussed, we needp scalar information coming from outside of
5. Hence we assume that we have on physical groundp relations on the boundary:

gl(v) = 0, l = 1, . . . , p. (69)
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Remark7: The notationgl(v) = 0 means that we have a relation between the components ofv. However, in
general, the functiongl is not given explicitly in terms ofv. For examplegl(v) could be the pressure which is
not, in general, one of the components ofv.

Since we have to determine them components of,(vn
K,K, ∂5), we needm − p supplementary scalar

conditions. Let us write them as

hl(v) = 0, l = p + 1, . . . ,m. (70)

In general (69) are named as ‘physical boundary conditions’ while (70) are named as ‘numerical boundary
conditions’.

Then we take:

,
(
vn
K,K, ∂5

)= F(v) · νK, (71)

wherev is solution to (69)–(70) (see however Remark 10 and (77)).

Remark8: The system (69)–(70) for them unknownsv ∈ G is am× m nonlinear system of equations. We
are going to study its solvability, see Theorem 2.

Let us first discuss the numerical boundary conditions (70). By analogy with what we did on an interface
between two control volumesK andL, we take (recall thatv = vn

K):

l̃k(v) · (F(v) · νK)= l̃k(v) · (F (vn
K

) · νK), k = p + 1, . . . ,m. (72)

In other words, we sethk(v) ≡ l̃k(v
n
K) ·(F (v) ·νK)− l̃k(v

n
K) ·(F (vn

K) ·νK). We have denoted by(l̃1(v), . . . , l̃m(v))
a set of left eigenvectors of̃Aν (see (58)): t Ãνlk(v) = cklk(v) and by (r1(v), . . . , rm(v)) a set of right
eigenvectors ofÃν: Ãνrk(v) = ckrk(v). Moreover the following normalization is taken:l̃k(v) · r̃p(v) = δk,p.

According to Ghidaglia and Pascal [37] we have the following result on the solvability of (69)–(70).

THEOREM 2: In the case1� p � m− 1, assume thatcp+1(v) > 0, and

det
1�k,l�p

(
m∑
i=1

rik(v)
∂gl

∂vi
(v)

)
�= 0. (73)

With the choice(72) the nonlinear system(69)–(70)has one and only one solutionv, for v − v and gl(v)

sufficiently small.

Remark9: In this result we exclude the case where the boundary is characteristic, i.e. the case where one
of the ck is equal to 0. This case cannot be dealt at this level of generality. On the other hand, wall boundary
conditions belong to this category. They can be discussed and handled directly on the physical system under
consideration, see [37].

Remark10: In practice, (69)–(70) are written in a parametric way. We have a set ofm physical variablesw
(e.g. pressure, densities, velocities,. . .) and we look forw satisfying:

gl(w)= 0, l = 1, . . . , p, (74)

l̃k(v) ·, = l̃k(v) · (F (vn
K

) · νK), (75)

, = F(w) · νK, (76)
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and then we take:

,
(
vn
K,K, ∂5

)= ,. (77)

The system (74), (75) and (76) is then solved by Newton’s method.

3. Applications to two fluid models

3.1. An isentropic model

In this section we particularize the previous analysis for the system of equations (1)–(4), in the 1D case,
with the thermodynamics (11). The 3D case is similar and we refer to Boucker [36] for the details. We take
v = (α1ρ1, α2ρ2, α1ρ1u1, α1ρ1u2) and we set:

f (v) ≡ (
α1ρ1u1, α2ρ2u2, α1ρ1u

2
1 + α1(p − π),α2ρ2u

2
2 + α2(p − π)

)
, (78)

C(v)vx ≡ (
0,0,−(p − π)(α1)x,−(p − π)(α2)x

)
, (79)

S(v) ≡ (0,0, α1ρ1g,α2ρ2g). In (78) the functionπ = π(t) has been artificially introduced and the reason for
this is the subject of the following section.

3.1.1. On the introduction of the time-dependent parameterπ

As discussed in Remark 4 there is some freedom in the choice between the conservative and non-
conservative convective terms in the writing of (1) to (4) under the form (37). Equations (1)–(4) suggest taking:
v = (α1ρ1, α2ρ2, α1ρ1u1, α1ρ1u2), f0(v) ≡ (α1ρ1u1, α2ρ2u2, α1ρ1u

2
1 + α1p,α2ρ2u

2
2 + α2p) and C0(v)vx ≡

(0,0,−p(α1)x,−p(α2)x). Let us observe that the choicef1(v) ≡ (α1ρ1u1, α2ρ2u2, α1ρ1u
2
1, α2ρ2u

2
2) and

C1(v)vx ≡ (0,0, α1px,α2px) is also possible. It leads to (12), (13) instead of (3), (4) which look simpler since
they involve fewer terms.

Firstly, it is the first choice that should be preferred because when one fluid disappears, i.e.α1 equals 0 or 1,
the non-conservative termC0(v)vx vanishes (this is physical information in the sense of Remark 4).

Secondly, formula (58) involves the matrixE(v) = C(v)J (v)−1. A sufficient condition under which this
matrix makes sense is thatJ (v) is invertible, that isd(v) ≡ detJ (v) never vanishes. It is this point (which
is more of a mathematical nature) that leads us to the introduction ofπ in (78), (79). More precisely, with
the notation of Remark 4, we takeg(v, t) ≡ (0,0,−α1π,−α2π) where, for the time being,π is an arbitrary
function of timet . In each context (see sections 3.1.4 and 3.2.3) we shall show how to construct this function
in order thatE(v)= C(v)J (v)−1 makes sense.

Remark11: Of course the total convection operatorA(v), see (14), is invariant under the introduction ofπ

or more generally ofg(v, t) in (38). This means that although a termπ(αk)x is added in the non-conservative
terms, since a similar term is subtracted in the fluxf (v), in contrast with the terms (117)–(118), the introduction
of π does not modify the characteristics (i.e. the eigenvalues of the convection operator) of the system under
investigation.

3.1.2. Computations of the various matrices

Let us first compute the jacobian matrixJ (v) = ∂f (v)/∂v. We observe firstly that the two equations of state
(11) allow us to consider that theαi ’s andp are functions ofv1 andv2 only:

αi = αi(v1, v2), p = p(v1, v2). (80)
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In the following, we shall denote byq,j the derivative of a quantityq with respect tovj . Introducing the two
speeds of soundcj such that:

c−1
1 ≡

√
dρ1

dp
, c−1

2 ≡
√

dρ2

dp
, (81)

we obtain the following expressions (α2,1 = −α1,1, α1,2 = −α2,2):

p,1 = ρ2

α1ρ2c
−2
1 + α2ρ1c

−2
2

, p,2 = ρ1

α1ρ2c
−2
1 + α2ρ1c

−2
2

, (82)

α1,1 = α2c
−2
2

α1ρ2c
−2
1 + α2ρ1c

−2
2

, α2,2 = α1c
−2
1

α1ρ2c
−2
1 + α2ρ1c

−2
2

. (83)

Remark12: Equations (81) require that dρi/dp > 0. This is a usual property of the equations of state (11).

Example2: When fluid 1 is a perfect isentropic gas and fluid 2 is an incompressible fluid, the two equations
of states (11) are:

p = Aρ
γ
1 , ρ2 = constant. (84)

In this case (80) becomes:

α1 = ρ2 − v2

ρ2
, α2 = v2

ρ2
, p = A

(
v1ρ2

ρ2 − v2

)γ

, (85)

and we havec2
1 = γp/ρ1, c2 = ∞,

p,1 = γp

α1ρ1
, p,2 = γp

α1ρ2
, α2,1 = α1,1 = 0, α1,2 = −ρ−1

2 , α2,2 = ρ−1
2 . (86)

We obtain for the Jacobian matrixJ (v) the following form:

J (v,π)=




0 0 1 0
0 0 0 1

α1p,1 + α1,1(p − π)− u2
1 α1p,2 + α1,2(p − π) 2u1 0

α2p,1 + α2,1(p − π) α2p,2 + α2,2(p − π)− u2
2 0 2u2


 . (87)

On the other hand, according to (79), we have:

C(v,π) = −(p − π)C0(v), (88)

where:

C0(v) =




0 0 0 0
0 0 0 0

α1,1 α1,2 0 0
α2,1 α2,2 0 0


 , (89)
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so that the matrixA(v) = J (v,π)+C(v,π) is simply:

A(v) =




0 0 1 0
0 0 0 1

α1p,1 − u2
1 α1p,2 2u1 0

α2p,1 α2p,2 − u2
2 0 2u2


 . (90)

Observe that the fact that the matrixA(v) is independent ofπ results again from the fact that the decomposition
chosen is consistent with the system (1) to (4) whatever the value ofπ is.

3.1.3. Domain of hyperbolicity

Let us go back to the general case where fluids 1 and 2 follow the general thermodynamics (11). The
characteristic polynomial of the matrixA(v) is:

P4(v)(λ)= λ4 − 2(u1 + u2)λ
3 + (u2

1 + 4u1u2 + u2
2 − α1p,1 − α2p,2

)
λ2

+ 2
(
(α1p,1 − u1u2)u2 + (α2p,2 − u1u2)u1

)+ u2
1u

2
2 − α1p,1u

2
1 − α2p,2u

2
2. (91)

The following result is proved in Appendix A.

PROPOSITION 2: The matrixA(v) given in(90) is diagonalizable onR if and only if(u1 −u2)
2 > c2

m where
c2
m ≡ ((α1p,1)

1/3 + (α2p,2)
1/3)3.

Moreover if0< (u1 − u2)
2 < c2

m, A(v) is diagonalizable onC and has2 real eigenvalues and two complex
conjugate ones; while if u1 = u2 ≡ u, it has three real eigenvalues: u−cm, u, u+cm but it is not diagonalizable
since the eigenspace corresponding tou is one-dimensional(a 2× 2 Jordan block appears in the reduced form
of A(v)).

Remark13: This result can be obtained without the use of Proposition 3 (Appendix A) either by studying
the variations ofP4(v)(λ) (Stewart and Wendroff [27]) or by computing explicitly the roots ofP4(v)(λ)

(Halaoua [38]). Here we prefer to rely on the results of the Appendix since they are very general and can
be used whatever the degree of the characteristic polynomial is.

Remark14: The hyperbolicity condition,(u1 − u2)
2 > c2

m, can also be expressed in terms of the two speeds
of sound. We obtain easily that

c2
m = c2

1c
2
2

α1ρ2c
2
2 + α2ρ1c

2
1

(
(α1ρ1)

1/3 + (α2ρ2)
1/3)3.

For example, if fluid 2 is incompressible (c2 = ∞), we have

c2
m = c2

1

((
ρ1

ρ2

)1/3

+
(
α2

α1

)1/3)3

.

In general,cm is large compared tou1 andu2 and therefore the flow belongs to the non-hyperbolic region
0� (u1 − u2)

2 < c2
m.

3.1.4. On the determination ofπ

As discussed in section 3.1.1, the still undetermined functionπ(t), has been introduced in order that:

d(v,π)≡ det
(
J (v,π)

) �= 0. (92)
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Remark15: Condition (92) is sufficient for the matrixE(v,π) to be defined. However a weaker condition
suffices: lett J̃ (v,π) denote the transpose of the comatrix ofJ (v,π); it is sufficient that there exists a smooth
m × m matrix E(v,π) such thatC(v,π)t J̃ (v,π) = det(J (v,π))E(v,π) (we use thatJ (v,π)t J̃ (v,π) =
det(J (v,π))I). This remark will be used in the study of the 6 equation model, see (107)–(109).

By using (87), we obtain:

d(v,π) = a4(v)− b4(v)π, (93)

with

a4(v) ≡ u2
1u

2
2 − α2p,2u

2
1 − α1p,1u

2
2 + p

(
α1,1

(
p,2 − u2

2

)+ α2,2
(
p,1 − u2

1

))
, (94)

b4(v)≡ α2,2p,1 + α1,1p,2 + α1,2u
2
1 + α2,1u

2
2. (95)

Introducinga0
4(v) ≡ p(α1,1p,2 + α2,2p,1), which is the value ofa4(v) whenu1 = u2 = 0, we obtain, according

to (82) and (83), thata0
4(v) = p(α1ρ2c

−2
1 + α2ρ1c

−2
2 )−1 > 0 andb4(v) = (1− α1u

2
1c

−2
1 − α2u

2
2c

−2
2 )(α1ρ2c

−2
1 +

α2ρ1c
−2
2 )−1 is in general positive. We chooseπ(t) in order thatd(v,π) � a0

4(v), i.e. we takeπ(t) � a4(v)−a0
4(v)

b4(v)

that is:

π(t)= inf
x

a4(v(x, t))− a0
4(v(x, t))

b4(v(x, t))
. (96)

Example2 (continued): When fluid 1 is a perfect isentropic gas and fluid 2 is an incompressible fluid, see
(84) we have:

a4(v) = γp2 + u2
1u

2
2ρ1ρ2 − p(γ α1ρ2u

2
2 + (γ α2 + α1)ρ1u

2
1)

ρ1ρ2α1
, (97)

b4(v) = γp − α1ρ1u
2
1

ρ1ρ2α1
, a0

4(v) = γp2

ρ1ρ2α1
, (98)

and therefore:

π(t)= inf
x

u2
1u

2
2ρ1ρ2 − p(γ α1ρ2u

2
2 + (γ α2 + α1)ρ1u

2
1)

γp − α1ρ1u
2
1

(x, t). (99)

3.2. A 6 equation model

In this section we particularize the analysis of section 2 for the system of equations (1)–(6), in the 1D case,
with the thermodynamics (7). This system can be written as (51) with the notations introduced in (15) and (18)–
(20) but, for similar reasons as in the previous section, we introduce again a parameterπ(t) and supplement
(78) withf5 = α1ρ1H1u1, f6 = α2ρ2H2u2 and take:

C̃(v)vx ≡ (
0,0,−(p − π)(α1)x,−(p − π)(α2)x,0,0

)
, (100)

instead of (19).

We shall mainly consider here the case of a simplified thermodynamics: the case where fluid 2 is
incompressible, i.e.ρ2 is constant.
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3.2.1. Computation of the various matrices

The major simplification in this case is that theαj are easily expressed in terms ofv:

α1 = ρ2 − v2

ρ2
, α2 = v2

ρ2
. (101)

It follows that we can write the two termsp ∂αj
∂t

which appear in (5) and (6) asp ∂α1
∂t

= p

ρ2

∂v4
∂x

, p ∂α2
∂t

= − p

ρ2

∂v4
∂x

(we have used (2)). This calculation corresponds to the inversion of the matrixI + D(v) and we arrive now at
the form (37) whereS(v) is given in (16) and:

C(v,π) =




0 0 0 0 0 0
0 0 0 0 0 0
0 p−π

ρ2
0 0 0 0

0 −p−π

ρ2
0 0 0 0

0 0 0 p

ρ2
0 0

0 0 0 − p

ρ2
0 0




. (102)

The Jacobian matrixJ (v)= ∂f (v)/∂v has the following form:

J (v,π)=




0 0 1 0 0 0
0 0 0 1 0 0
J31 J32 J33 0 J35 0
J41 J42 J43 J44 J45 0

K51u1 K52u1 J53 0 K55u1 0
K61u2 K62u2 J63 J64 K65u2 u2




, (103)

where:

J31 = α1p,1 − u2
1, J32 = α1p,2 − p − π

ρ2
, J33 = α1p,3 + 2u1, J35 = α1p,5,

J41 = α2p,1, J42 = α2p,2 + p − π

ρ2
− u2

2, J43 = α2p,3, J44 = 2u2, J45 = α2p,5,

K51 = α1p,1 −H1, K52 = α1p,2 − p

ρ2
, J53 = α1p,3u1 +H1, K55 = 1+ α1p,5,

K61 = α2p,1, K62 = α2p,2 + p

ρ2
−H2, J63 = α2p,3u2, J64 = H2, K65 = α2p,5.

Let us write the equation of state of fluid 1 asp = p(ρ1, e1). Then

p(v)= p

(
ρ2v1

ρ2 − v2
,
v5

v1
− v2

3

2v2
1

)
, (104)

and the coefficients ofJ are:

J31 = (ρ1p,ρ −E1p,e)

ρ1
− u2

1, J32 = p − π

ρ2
+ ρ1p,ρ

ρ2
, J33 = u1

(
2− p,e

α1

)
,

J35 = p,e

ρ1
, J41 = α2

(
p,ρ

α1
− E1p,e

α1ρ1

)
, J42 = p − π

ρ2
+ α2ρ1p,ρ

α1ρ2
− u2

2,
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J43 = −α2u1p,e

α1ρ1
, J44 = 2u2, J45 = α2p,e

α1ρ1
, K51 = p,ρ −H1 − (E1 − u2

1)p,e

ρ1
, (105)

K52 = ρ1p,ρ − p

ρ2
, J53 = H1 − p,eu

2
1

ρ1
, K55 = 1+ p,e

ρ1
, K61 = α2

α1ρ1
(ρ1p,ρ −E1p,e),

K62 = α2ρ1p,ρ

α1ρ2
−E2, J63 = α2

p,e

α1ρ1
u1u2, J64 = H2, K65 = α2

p,e

α1ρ1
.

3.2.2. Domain of hyperbolicity

The characteristic polynomial of the matrixA(v) is here:

P6(v)(λ) = P4(v)(λ)(λ− u1)(λ− u2). (106)

The polynomialP4(v) is given in (91), where the computations have to be made with an equation of state for
phase 1 with a frozen entropys1. Hence according to Proposition 2 and Remark 14, the hyperbolicity condition
will simply become

(u1 − u2)
2 > c2

1

((
ρ1

ρ2

)1/3

+
(
α2

α1

)1/3)3

, c2
1 ≡

(
∂p

∂ρ1

)
s1

.

3.2.3. On the determination ofπ

In order to chooseπ(t), we compute again the determinant ofJ (v,π). We find here:

d(v,π) = det
(
J (v,π)

)= u1u2
(
a6(v)− b6(v)π

)
, (107)

wherea6(v) andb6(v) are smooth functions of thevi ’s, see (110). On the other hand, we can also find a smooth
matrixE0(v,π) such that:

C(v,π)t J̃ (v,π)= u1u2E0(v,π), (108)

and therefore, provided that we can ensure thatπ is such that(a6(v) − b6(v)π) cannot vanish, we can define
E(v,π) by

E(v,π)≡ (
a6(v)− b6(v)π

)−1
E0(v,π). (109)

Making use of (105), we find fora6(v) andb6(v):

a6(v)= α1ρ
2
1ρ2u

2
1u

2
2 + (p − α1ρ2u

2
2

)
pp,e + ρ2

1

(
p
(
p,ρ − α1u

2
1

)− p,ρ

(
α1ρ2u

2
2 + α2ρ1u

2
1

))
,

b6(v)=pp,e + α2ρ1u
2
1p,e + ρ2

1p,ρ − α1ρ
2
1u

2
1. (110)

Example3: When fluid 1 is a polytropic gas:p(ρ, e) ≡ (γ − 1)ρe whereγ > 1, we havep,e = (γ − 1)ρ
andp,ρ = (γ − 1)e hence:

a6(v)= γρ1p
2 + α1ρ

2
1ρ2u

2
1u

2
2 − ρ1p

(
γ α1ρ2u

2
2 + ρ1u

2
1

)
,

b6(v)= ρ1
(
2(γ − 1)p + (γ α2 − 1)ρ1u

2
1

)
. (111)

Let a0
6(v) be the value ofa6(v) whenu1 = u2 = 0, i.e.a0

6(v) = p(pp,e + ρ2
1p,ρ). This number is in general

positive (see, e.g., (111)). So, in order to impose that(a6(v) − b6(v)π) does not vanish, we chooseπ(t) such
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that(a6(v)− b6(v)π)� a0
6(v) that is (observe that, in general,b6(v) > 0):

π(t)= inf
x

a6(v(x, t))− a0
6(v(x, t))

b6(v(x, t))
. (112)

It remains for us to construct the matrixE0 which appears in (108). Since the coefficients of the matrixt J̃ (v,π)

are polynomial in terms of those ofJ (v,π), the computation ofC(v,π)t J̃ (v,π) is straightforward using a
computer algebra program and one verifies that indeed all the terms of this matrix factorizesu1u2. Hence the
formula (109), which is indeed well defined thanks to our choice ofπ .

Remark16: Since∇xπ(t) = 0, at the continuous level the introduction ofπ does not modify the equations
which are solved. However, at the discrete level, there is a difference which has to do with the discretization of
the non-conservative productp∇α1. We have checked the influence of this choice by comparing numerically
the effect of takingπ , 10π , 102π and 103π (in this caseπ was negative). This has produced absolutely no
visible effect on the solution.

3.2.4. More on the hyperbolicity of the convection operator

Many of the authors who have considered the model (1)–(6) have proposed a modification of the convection
operator in order to produce a matrixA(v) (see (14)) which has real eigenvalues, at least in the numerical range
where the computations are performed.

In general this goal is achieved by adding forces in the balance of momentum which could physically
correspond to transfers of momentum between the two phases. Let us denote byf2→1 the force that will appear
in the equation (3) thenf1→2 = −f2→1 and the work of these forces will appear in the corresponding equations
of energy:

∂(α1ρ1u1)

∂t
+ div

(
α1(ρ1u1 ⊗ u1 + pI)

)− p∇α1 = α1ρ1g + f2→1, (113)

∂(α2ρ2u2)

∂t
+ div

(
α2(ρ2u2 ⊗ u2 + pI)

)− p∇α2 = α2ρ2g + f1→2, (114)

∂(α1ρ1E1)

∂t
+ div(α1ρ1H1u1)+ p

∂α1

∂t
= (α1ρ1g + f2→1) · u1, (115)

∂(α2ρ2E2)

∂t
+ div(α2ρ2H2u2)+ p

∂α2

∂t
= (α2ρ2g + f1→2) · u2. (116)

From the physical point of view, these forces correspond, e.g., to added mass forces or interfacial pressure. In
the later case, we have:

f2→1 = −(p − pinter face)∇α1, (117)

and, for example, Bestion [39] has proposed to take:

(p − pinter face) ≡ δ
α1α2ρ1ρ2

α1ρ2 + α2ρ1
(u1 − u2)

2. (118)

Actually, δ is equal to 1 in [39], but here we introduce this parameter in order to study its influence on the
solution (seefigure 4).
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3.2.5. The general thermodynamics

In the previous sections, we dealt with the case where one of the two fluids is incompressible (let say fluid
2). This case is simpler as far as analytical computations are concerned (see, e.g., (101)). On the other hand
this case is singular in the limitα1 = 0 since, as it is well known, the motion of a single incompressible fluid
leads to the non-evolutionary equation divu = 0. Hence if we want to consider the whole range 0< α1 < 1, we
have to deal with two compressible fluids. This actually makes the analytical computations more complicated
but still the system obtained falls into the framework of equation (37).

4. A numerical illustration

The goal of this section is not to present a wide variety of numerical results in order to convince the reader
of the wide applicability of the method we have introduced in this paper. As already noticed, this method
was presented in 1995 ([24]) in a 6 page note. We have waited on purpose for sometime before publishing
an extended paper describing in details this finite volume method in order to validate it on large variety of
cases including 3D computations. We refer to the report [25] concerning both numerical results and references
including numerical results.

Here we will just deal with what is known as Ransom faucet flow ([40]) which is a numerical benchmark.
This test case is well referenced and analytically simple. It has also the great interest that it contains some of
the important features in the field at least from the numerical point of view. Moreover analytical solution is
available for comparison, [40]. The solution mainly consists of a shock wave that travels under the effect of
gravity.

The continuous model is (1) to (6), in dimension 1, and we consider the case where phase 1 is a perfect
polytropic gas (Example 3) withγ = 1.4 and phase 2 is incompressible:ρ2 is constant, see section 3.2. All the
numerical values given below are expressed in the International System of Units. The equations are posed for
x between 0 and 12 and the gravity is taken asg = 10. The boundary conditions are as follows:

α1(0, t) = 0.2, u1(0, t) = 0, u2(0, t) = 10, (119)

hs
2(0, t) = 209280, (120)

p(12, t) = 105, whenu1(12, t) � 0, (121)

p(12, t) = 105, hs
1(12, t) = 324594, whenu1(12, t) < 0, (122)

hs
2 in (120) corresponds to water at a temperature of 323.15 K and atmospheric pressure, whilehs

1 in (122)
corresponds to air in the same conditions. Note that thehs

i ’s denote the specific enthalpies of each fluid and
should not be confused with the boundary conditions (70). Actually, they belong to the set of physical boundary
conditions (69).

In figure 1we show the time evolution of the ‘void fraction’α1 in the case where 192 equally spaced cells
are used ($x = 12/192= 0.0625). Infigure 2, we show that the computed front is sharper and sharper as the
number of cells is increased. However, since no physical dissipation is included in this model, an instability
appears for$x too small. This is due to the non-hyperbolic character of the convection operator. If we want
to use very fine meshes without including physical dissipation, we have to turn to an hyperbolic convection
operator. For example using the correction (117)–(118), withδ = 1.01, allows us to use more than a thousand
of cells, seefigure 3 that displays the exact solution (shock front) and the computed solutions with 768 and
1536 cells. The higher the number of cells, sharper is the calculated front.

Our next goal was to study the effect of this correction on the solution. In order to do so, one needs a method
that allows to consider both hyperbolic and non-hyperbolic convection operators. This one of the features of
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the method proposed in this paper. The results are shown infigure 4. It appears that the correction term, besides
the fact that it renders the convection operator hyperbolic, induces a numerical dissipation. This dissipation is
quite low whenδ = 1.01. However there is no guarantee that for any flow, this value will lead to a hyperbolic
convection operator.

Figure 1. Propagation of the solution according to time (96 cells).

Figure 2. Influence of the discretization (from 12 to 192 cells).
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Figure 3. Exact solution, and computed ones with 768 and 1536 cells.

Figure 4. Influence of the hyperbolicity parameter (192 cells).

5. Further developments

The model (1)–(6) is known as the basic two fluid model in the sense that it does not contain all the
terms related to the transfers between the phases and those which are related to dissipation phenomena.
These two categories of terms are of a different nature. The later involve second-order gradients and can be
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discretized mainly following to two different ways. The first one makes use of gradient reconstruction (see,
e.g., Kröner [41]): one constructs by an algebraic formula a gradient of the numerical solution from its finite
volume representation. The second way consists in translating the finite volume degrees of freedom into finite
element ones and then apply a variational approach for the discretization of diffusion terms. Here again there
are two strategies. The first one keeps the finite volume degrees of freedom unchanged and introduces a dual
mesh on which these degrees of freedom are those of the finite element discretization (see, e.g., Guillard [42]
and the references therein). This strategy is not practically adapted to the case of 3D unstructured meshes due
to the dual mesh whose construction might be very difficult if impossible. The second strategy, proposed by
Pascal and Ghidaglia [43] and [44] consists in keeping the same mesh but changing the degrees of freedom
thanks to ‘footbridges’. This method gives good results in the present context (see Boucker [36]).

Concerning the terms related with transfers between the phases (mass, momentum or mass transfers) they
can be classified into two categories. The first one includes those that do not involve derivatives, such as, for
example, the drag force which is proportional to|u1 − u2|(u1 − u2) or some stiff terms that correspond to
changes of phase. These are called sources terms and are included in the abstract equation (51) in the term
S̃(v). In general these terms are discretized implicitly in time and one also uses an upwind discretization in
space (see Alouges et al. [31]). Finally the terms that contain first-order derivatives are in general incorporated
into the non-conservative products

∑nd
j=1 C̃j (v)

∂v
∂xj

+D(v)∂v
∂t

in equation (51).
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Appendix A: On the hyperbolicity of the convection operator

LetP = Xn +∑n−1
j=0 ajX

j be a polynomial (with real coefficients) of degreen. It’s Sturm sequence is defined
as follows:

P0 = P, P1 = P
′
, Pm = −remainder(Pm−2,Pm−1), (123)

where remainder(P,Q) denotes the remainder in the Euclidean division ofP by Q. The polynomialPk is of
degreen − k, and we denote byξk the coefficient ofXn−k in Pk . Using Sturm’s theorem (see, e.g., Corollary
3.8, page 10 in Roy [45]) we have the following result.

PROPOSITION 3: With the previous notations, the polynomialP hasn real roots if and only if all theξk are
positive.

Remark17: (i) Since the computation of the Sturm sequence is straightforward (and uses only additions,
multiplications and divisions), this result is applicable whatever the degree of the polynomial is. Note however
that the bitlength of the coefficients in the sequence can increase dramatically (see, e.g., Example 3.10, page 11
in Roy [45]).

(ii) These computations can be done on a polynomial whose coefficients depend on parameters, using if
necessary a computer algebra program.
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Let us now apply this proposition to the characteristic polynomial which appears in (91). In order to make
the computations more simple, we setλ ≡X + u1+u2

2 andur ≡ u1 − u2. Hence we obtain:

P0 = P = X4 + qX2 + rX + s, (124)

whereq ≡ −(p2α2 + p1α1 + 1/2u2
r ), r ≡ (p2α2 − p1α1)ur ands ≡ (u2

r − 4(p1α1 + p2α2))u
2
r /16. It follows

that:

P1 = 4X3 + 2qX + r, (125)

P2 = −1/2qX2 − 3/4rX − s, (126)

P̃3 = (8qs − 9r2 − 2q3)X − q2r − 12rs, (127)

P̃4 = q2(256s3 − 128q2s2 + 144qsr2 + 16q4s − 27r4 − 4r2q3), (128)

whereP̃3 (respectivelyP̃4) is obtained by multiplyingP3 (resp.P4) by a positive coefficient. Hence, following
Proposition 3, the polynomialP will have exactly 4 real roots if and only if:

q < 0, 8qs − 9r2 − 2q3 > 0 and P̃4 > 0. (129)

In view of (82), we haveq < 0. After some straightforward but somewhat cumbersome computations, one finds
that the two other conditions will be fulfilled if and only ifu2

r > ((α1p,1)
1/3 + (α2p,2)

1/3)3. This leads to the
first part of Proposition 2. The study of the case where (129) is not satisfied follows the same lines: in this case
([45]) what matters is the number of change of sign in the sequence(ξ1, ξ2, ξ3, ξ4). Details are left to the reader.
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